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PREFACE 
This report is one of a series describing IIASA research into approaches 
for comparing alternative models that could be applied to the establishment 
of control policies to meet water quality standards. In addition to model 
evaluation, this project has focused on problems of optimization and con- 
flict resolution in large river basins. 

ABSTRACT 
This paper presents some simple properties of the problem of 
optimal allocation and design of a system of mechanical surface aerators. 
These properties are proved to be valid for an extremely wide class of river 
quality models and it is shown how they can be usefully employed to 
simplify the problem and to improve the efficiency of some dynamic 
programming algorithms. Finally a method is suggested for dealing with the 
allocation problem in a river basin composed of a main stream and its 
tributaries. 

Opt imal  A l l o c a t i o n  o f  A r t i f i c i a l  In-Stream A e r a t i o n  
INTRODUCTION 
I n  t h e  development  of w a t e r  q u a l i t y  manaqement programs one  
u s u a l l y  assumes t h a t  t h e  b i o l o g i c a l  oxygen demand (BOD)  l o a d  com- 
i n g  from r e c o r d e d  e f f l u e n t s  c o n s t i t u t e s  t h e  major  f r a c t i o n  of t h e  
t o t a l  BOD l o a d  e n t e r i n g  t h e  r i v e r  sys tem.  Thus it would seem t o  
be  s u f f i c i e n t  t o  s e l e c t  t h e  r i g h t  d e g r e e  o f  p u r i f i c a t i o n  o f  t h e  
r e c o r d e d  e f f l u e n t s  i n  o r d e r  t o  a c h i e v e  any d e s i r e d  l e v e l  o f  w a t e r  
q u a l i t y  i n  t h e  r i v e r .  U n f o r t u n a t e l y ,  it h a s  been remarked (Whipple 
e t  a l . ,  1970) t h a t  even i n  w e l l  a d m i n i s t e r e d  a r e a s  t h e  r e c o r d e d  
e f f l u e n t s  r e p r e s e n t  h a r d l y  more t h a n  o n e  h a l f '  o f  t h e  t o t a l  l o a d .  
When t h i s  i s  t h e  c a s e ,  improvement o f  w a s t e  w a t e r  t r e a t m e n t  e f f i -  
c i e n c y  may be  i n s u f f i c i e n t .  Moreover,  it may happen t h a t  h i g h  
t r e a t m e n t  l e v e l s  a r e  r e q u i r e d  t o  p r e v e n t  t h e  o c c u r r e n c e  o f  t o o  low 
d i s s o l v e d  oxygen (DO)  l e v e l s  o n l y  d u r i n g  s h o r t  p e r i o d s  o f  a d v e r s e  
w a s t e  w a t e r  a s s i m i l a t i o n  c h a r a c t e r i s t i c s ,  w h i l e  l e s s  c o s t l y  t r e a t -  
ment p l a n t s  a r e  s u f f i c i e n t  t o  o b t a i n  t h e  d e s i r e d  w a t e r  q u a l i t y  f o r  
t h e  r e s t  o f  t h e  y e a r .  I n  e i t h e r  c a s e ,  a r t i f i c i a l  in - s t ream a e r a -  
t i o n  t u r n s  o u t  t o  be  more e f f e c t i v e  t h a n  advanced w a s t e  w a t e r  t r e a t -  
ment ( O r t o l a n o ,  1972; Whipple and Yu, 1 9 7 1 ) .  I t  would b e  a  r e l a -  
t i v e l y  complex o p t i m i z a t i o n  problem t o  a l l o c a t e  t h e  a v a i l a b l e  bud- 
g e t  between t h e s e  two a i t e r n a t i v e s .  However, we d i s c u s s  o n l y  t h e  
s i m p l e r  c a s e  o f  mechan ica l  a e r a t o r s .  N e v e r t h e l e s s ,  t h e  same k i n d  
o f  a l g o r i t h m  c a n  p r o b a b l y  be used  f o r  s o l v i n g  t h e  more complex 
problem. 
T h i s  p a p e r  p r e s e n t s  some s i m p l e  p r o p e r t i e s  o f  t h e  problem of  
o p t i m a l  a l l o c a t i o n  and d e s i g n  o f  a  sys tem o f  mechan ica l  s u r f a c e  
a e r a t o r s  a b l e  t o  a t t a i n  a  g i v e n  DO s t a n d a r d  d u r i n g  p e r i o d s  of low 
f l o w  and h i g h  t e m p e r a t u r e .  These p r o p e r t i e s  a r e  p roved  t o  be v a l i d  
f o r  an e x t r e m e l y  wide c l a s s  o f  r i v e r  q u a l i t y  models i n c l u d i n g  a l l  
c u r r e n t l y  u s e d  o n e s .  I t  i s  shown how t h e s e  p r o p e r t i e s  c a n  be use- 
f u l l y  employed t o  s i m p l i f y  t h e  a l l o c a t i o n  problem by b r e a k i n g  it 
down into a set of simpler problems, and to improve the effi- 
ciency of an already proposed solution algorithm based on dynamic 
programming (Chang and Yeh, 1973; Fioramonti et al., 1973; Koivo 
and Phillips, 1975). Finally a method is suggested for dealing 
with the allocation problem for a whole basin composed of a main 
stream and its tributaries. 
The procedure presented in this paper has been successfully 
applied by the authors to solve the allocation and design problem 
of aeration devices in a specific portion of the Rhine river basin 
in West Germany. 
STATEMENT OF THE PROBLEM 
The optimal control problem consists of determining the number 
of units to be used N, their location 2 .  (i = 1, ..., N), and their 
1 
power IIi, which is a function of the DO increment ui, in such a 
way that the DO standard is not violated at any point in a given 
river stretch L ( L  = {i?: 0 - < 2 - < L}) and that the total aeration 
cost is minimized. Once the steady state design conditions (flow 
rate q(L), temperature T, BOD load, etc.) have been fixed, a river 
quality model can be selected to describe the system. Such a 
model is generally of the form 
(la) 
where c is the mean cross-sectional DO concentration, cs is the 
DO saturation value at temperature T, and z(l) is a suitable nth 
order vector describing the various stages in the degradation of 
the organic pollutants. For example, at one extreme (the Streeter- 
Phelps model) z(b) is simply the BOD, while at the other (the com- 
plex ecological model) z(t) is the concentration of different types 
c f  p o l l u t a n t  a n d  t h e  b i o m a s s e s  o f  v a r i o u s  s t a g e s  o f  t h e  f o o d  
c h a i n .  The v e c t o r s  v ( l )  a n d  w(L)  t a k e  i n t o  a c c o u n t  a l l  t h e  
s o u r c e s  and  s i n k s  o f  t h e  components  o f  z a n d  o f  t h e  d i s s o l v e d  
oxygen r e s p e c t i v e l y ,  w h i l e  
i s  t h e  a r t i f i c i a l  i n - s t r e a m  a e r a t i o n .  ( 6  is t h e  i m p u l s e  f u n c t i o n  
a n d  ui i s  t h e  d i f f e r e n c e  be tween  t h e  DO c o n c e n t r a t i o n  downs t ream 
and  u p s t r e a m  o f  t h e  p o i n t  Li i n d u c e d  by t h e  i t h  a e r a t o r . )  F i n a l l y ,  
f ,  g ,  k ,  v  and  w a r e  c o n t i n u o u s  f u n c t i o n s .  I n  E q u a t i o n s  ( l a )  a n d  
( l b )  it i s  assumed t h a t  t h e  e f f e c t s  o f  i n - s t r e a m  a e r a t i o n  c a n  be  
d e s c r i b e d  a s  a  s e t  o f  p o i n t  s o u r c e s  o f  DO a n d  t h a t  t h e  p r e s e n c e  o f  
t h e  a e r a t o r  d o e s  n o t  i n f l u e n c e  e i t h e r  t h e  n a t u r a l  a e r a t i o n  p ro -  
c e s s  o r  t h e  s e l f - p u r i f i c a t i o n  o n e .  
FOOD CHAIN ,L,$2,Lb 
Figure 1. Block diagram ol' n~odr l .  
The b l o c k  d i a g r a m  of  t h e  model i s  shown i n  F i g u r e  1 .  Note  
t h a t  t h e r e  i s  no f e e d b a c k  f rom t h e  second  b l o c k  t o  t h e  f i r s t .  
Thus  t h e  f u n c t i o n  z ( L )  is c o m p l e t e l y  i n d e p e n d e n t  o f  t h e  i n p u t  u  
and c a n  be  computed o n c e  a n d  f o r  a l l ,  s o  t h a t  t h e  model  employed 
i n  s o l v i n g  t h e  o p t i m i z a t i o n  p r o b l e m  is a l w a y s  o n e - d i m e n s i o n a l  
( E q u a t i o n  l b ) ,  e v e n  i f  e x t r e m e l y  s o p h i s t i c a t e d ,  m u l t i - d i m e n s i o n a l  
e c o l o g i c a l  mode l s  a r e  s e l e c t e d  t o  d e s c r i b e  t h e  r i v e r .  
The o b j e c t i v e  f u n c t i o n  t o  be min imized  i s  t h e  sum o f  t h e  
c o s t s  o f  a l l  t h e  a e r a t o r s .  The c o s t  C i  o f  a n y  u n i t  i s  i n  g e n e r a l  
p r o p o r t i o n a l  t o  t h e  power TI. o f  t h e  u n i t  a n d  i s  h i g h e r  f o r  h i g h e r  
v a l u e s  o f  t h e  induced  DO i n c r e m e n t  u .  b u t  it is a l s o  an i n c r e a s -  
1' 
i n g  f u n c t i o n  o f  t h e  DO c o n c e n t r a t i o n  c .  p r e s e n t  ups t ream o f  t h e  
1 
- 
a e r a t o r  t u r b u l e n t  a r e a  ( c i  = c i ( L i ) ) ,  and i t  depends  l i n e a r l y  
upon t h e  f low r a t e  q i  = q ( L i l .  ( I n  t h e  f o l l o w i n g ,  f o r  t h e  s a k e  
o f  s i m p l i c i t y  o f  n o t a t i o n  L .  w i l l  o f t e n  be  used  i n s t e a d  o f  
1 I '  
t h e  r i g h t  meaning s h o u l d  a lways  be c l e a r  f rom t h e  c o n t e x t . )  More- 
o v e r ,  t h e  c o s t  C i  = C ( u i , c i , q i )  o f  t h e  i t h  u n i t  r e f l e c t s  t h e  
p r a c t i c a l  i m p o s s i b i l i t y  o f  a t t a i n i n g  s u p e r s a t u r a t i o n  s o  t h a t  C i  
g o e s  t o  i n f i n i t y  when t h e  induced  i n c r e m e n t  ui a p p r o a c h e s  t h e  
d e f i c i t  ( c s  - c i ) .  
Thus t h e  p rob lem of  d e t e r m i n i n g  t h e  b e s t  a e r a t i o n  sys tem i s  
a s  f o l l o w s :  
S e l e c t  N 'IN , and { L . l N  s o  t h a t  i 
! l J  i = l  
and 
w h e r e  c  ( L )  i s  t h e  s o l u t i o n  o f  E q u a t i o n  i l b )  w i s h  gil7en i n i t i a l  
c o n d i t i o n  c ( 0 )  = c .  > c .  I n  - - 
I n  some c a s e s  t h e  problem may b e  more complex, s i n c e  a d d i -  
t i o n a l  c o n s t r a i n t s  ( e . g .  a n  upper  l i m i t  on t h e  number o f  u n i t s  
t o  be  used--see  F i o r a m o n t i  e t  a l . ,  1973)  o r  a  s t r e a m  s t a n d a r d  
v a r y i n g  o v e r  s p a c e  migh t  be imposed, b u t  t h e  a l g o r i t h m  p r e s e n t e d  
i n  t h i s  p a p e r  c a n  be m o d i f i e d  t o  a c c o u n t  f o r  e x t r a  c o n s t r a i n t s .  
The o p t i m i z a t i o n  problem d e s c r i b e d  by Equa t ion  ( 2 )  ( f r o m  
now on c a l l e d  Problem 2 )  i s  n o t  i n  s t a n d a r d  f o r n ,  s i n c e  it is  n o t  
c h a r a c t e r i z e d  by a  f i n i t e  number o f  c o n s t r a i n t s  ( s e e  Equa t ion  ( 2 b ) ) .  
I n  o r d e r  t o  t r a n s f o r m  t h e  problem i n t o  a  s t a n d a r d  m a t h e m a t i c a l  
programming model one  c a n  s i m p l y  d i s c r e t i z e  c o n s t r a i n t  ( 2 b )  o v e r  
s p a c e ,  a s  p roposed  by many a u t h o r s  (Chang and Yeh, 1973; Koivo 
and P h i l l i p s ,  1975;  Liebman and  Lynn, 1966; R e v e l l e  e t  a l . ,  1 9 6 8 ) .  
Moreover it w i l l  be  shown t h a t  t h e  problem c a n  be  s i m p l i f i e d  
i f  t h e  c o s t  f u n c t i o n  C o f  an a e r a t o r  d o e s  n o t  e x h i b i t  economies  
o f  s c a l e .  The a e r a t i o n  c o s t  C is  s a i d  t o  e x h i b i t  economies  o f  
scale i f  t h e  c o s t  of  one  a e r a t o r ,  which improves  t h e  DO l o a d  f rom 
c t o  c + u ,  is  l o w e r  t h a n  t h e  sum of  t h e  c o s t s  o f  two a e r a t o r s  i n  
series p r o d u c i n g  t h e  s a m e  e f f e c t  ( i . e .  two a e r a t o r s  of  which t h e  
f i r s t  improves  t h e  DO l e v e l  f rom c t o  c + u '  and t h e  second  from 
C + U '  t o  c + u. 
F o r  example Susag  e t  a l .  (1966)  g i v e  f o r  t h e  c o s t  o f  a me-  
c h a n i c a l  a e r a t o r :  
where  p is a  s u i t a b l e  c o n s t a n t .  T h i s  f u n c t i o n  d o e s  n o t  e x h i b i t  
economies  o f  s c a l e ,  s i n c e  
SOME PROPE3TIES OF THE OPTIMAL SOLUTION 
Some p r o p e r t i e s  o f  t h e  o p t i m a l  s o l u t i o n  o f  Problem 2 w i l l  
now b e  g i v e n  f o r  t h e  p a r t i c u l a r  c a s e  i n  which t h e  f l o w  r a t e  q ( 1 )  
is  c o n s t a n t  a l o n g  t h e  r i v e r .  The problem w i l l  b e  s i m p l i f i e d  a n d ,  
i n  t h e  a b s e n c e  o f  economies  o f  scale, broken  down i n t o  a  se t  o f  
subprob lems .  
F o r  a l l  t h e  p o i n t s  1 between two a e r a t o r s ,  E q u a t i o n  ( l b )  i s  
a  l i n e a r  d i f f e r e n t i a l  e q u a t i o n  w i t h  u ( 1 )  = 0. I f  c ( . )  and  c '  
a r e  two s o l u t i o n s  w i t h  i n i t i a l  v a l u e  co and c o  + Aco (Aco > 01 ,  
one o b t a i n s  
which means t h a t  c '  (1) - c (1 )  is  a  d e c r e a s i n g  f u n c t i o n  o f  1. On 
t h i s  b a s i s  it i s  p o s s i b l e  t o  d e m o n s t r a t e  t h e  f o l l o w i n g  p r o p e r t y :  
P r o p e r t y  A 
The o p t i m a l  s o l u t i o n  mus t  have  a l l  t h e  a e r a t o r  d e v i c e s  
l o c a t e d  a t  p o i n t s  li where  c i  = 5. 
I n  f a c t  i f  one a e r a t o r  is  n o t  i n  t h i s  p o s i t i o n ,  it is p o s s i b l e  
t o  lower  i t s  c o s t ,  w i t h o u t  v i o l a t i n g  t h e  s t a n d a r d ,  by s h i f t i n g  
it downstream a s  shown i n  F i g u r e  2 .  ( R e c a l l  t h a t  t h e  c o s t  func-  
t i o n  i n c r e a s e s  w i t h  ui and c . . )  T h i s  p r o p e r t y  c a n  e a s i l y  be  
1 
u n d e r s t o o d  by remembering t h a t  t h e  n a t u r a l  r e - a e r a t i o n  p r o c e s s  
i s  more e f f i c i e n t  f o r  lower  oxygen l e v e l s .  T h e r e f o r e  t h e  l e a s t  
c o s t l y  s o l u t i o n  w i l l  be  one where DO r e a c h e s  i t s  lower  p o s s i b l e  
v a l u e  c. 
Figure 2. If an aerator is placed in a point where c > c (position P1). its 
coat can be reduced by s h i f t i r ~ ~  it rlownstrram to  the first place 
where c = c ( p o i t i o n  P.7 ) .  A since ~1.3  - < u1  a ~ i d c  < c l .  
A s  a  consequence ,  t h e  o p t i m a l  s o l u t i o n  w i l l  be  c h a r a c t e r i z e d  
by t h e  a b s e n c e  o f  a e r a t o r s  ups t ream o f  t h e  p o i n t  L ,  where t h e  
n a t u r a l  oxygen p r o f i l e  ( i . e .  t h e  s o l u t i o n  c '  o f  Equa t ion  ( l b )  , 
1  
w i t h  u  = 0 and c  ( 0 )  = tin) r e a c h e s  t h e  s t a n d a r d  f o r  t h e  f i r s t  
t i m e .  
- 
Determine now, i f  i t  e x i s t s ,  t h e  p o i n t  L , ,  such  t h a t  
z1  = min 
s u b j e c t  t o  
Note  t h a t  T l  is t h e  f i r s t  p o i n t  downstream o f  Q1 where ,  f o r  a 
p a r t i c u l a r  v a l u e  o f  c (L1 ) , t h e  minimum o f  t h e  DO s a g  c u r v e  i s  
t h e  t a n g e n t  t o  t h e  s t a n d a r d  5. Then, l e t  c 2  be  t h e  s o l u t i o n  o f  
2  - 
E q u a t i o n  ( l b )  f o r  l , 7,  , w i t h  u  = 0 and  i n i t i a l  c o n d i t i o n  c  ( e  1 ) 
= - c .  De te rmine ,  if it e x i s t s ,  t h e  p o i n t  L., s u c h  t h a t  
s u b j e c t  t o  
2  ( i . e .  d e t e r m i n e  t h e  f i r s t  p o i n t  downstream o f  z1  where  c  (L) i s  
e q u a l  t o  t h e  s t a n d a r d ) .  F i n a l l y  d e t e r m i n e  t h e  p o i n t  e2 ,  s u c h  t h a t  
e2 = min 1 
s u b j e c t  t o  c o n s t r a i n t  ( 3 b ) ,  ( 3 c ) ,  and 
and c o n t i n u e  i n  t h e  same way u n t i l  a l l  t h e  s t r e t c h  L is  worked 
o u t  and  a  f i n i t e  number ( p )  o f  segment s  
are obtained (see Figure 3 where p = 2). Then the following 
property holds: 
P r o p e r t y  B 
The o p t i m a 2  s o 2 u t i o n  o f  ProbZem 2 i s  c h a r a c t e r i z e d  by 
t h e  p r e s e n c e  o f  a e r a t o r s  o n l y  i n  t h e  p s e g m e n t s  [Lk,ek] 
k = 1, ...,p (notice that the segments are open on the 
right) . 
The proof of this property is very simple. Let c* be the optimal 
oxygen profile. Obviously C * ( Z ~ - ~ )  2 c and this implies 
k - 
since c (Lk-l) = C. But 
so that we can conclude that 
I I 
- - 
0 1 -2  I L P* 
l 1 ~ t  segment /' L2 nd miz 
- 
F i y r e  3.  Drtrrrnination of  the segments [jk. i? k]. 
From p r o p e r t y  A it f o l l o w s  t h a t  no a e r a t o r s  w i l l  b e  p r e s e n t  i n  
t h e  i n t e r i o r  p o i n t s  o f  t h e  segment ( ? k - l  ,Ak)  . Moreover ,  no a e r a -  
t o r  w i l l  be  p l a c e d  a t  t h e  p o i n t  z k - l ,  s i n c e  t h e  same e f f e c t  i s  
o b t a i n e d  a t  a  lower  c o s t  w i t h o u t  v i o l a t i n g  t h e  s t a n d a r d  by s h i f t -  
i n g  t h e  a e r a t o r  t o  t h e  p o i n t  Qk ( s e e  F i g u r e  4 where u' > u " ) .  
F i n a l l y  t h e  f o l l o w i n g  p r o p e r t y  i s  wor thy  o f  ment ion  s i n c e  
i t  a l l o w s  a  n i c e  breakdown o f  t h e  problem ( s e e  n e x t  s e c t i o n ) .  
P r o p e r t y  C 
I f  t h e r e  a r e  no  e c o n o m i e s  o f  s c a l e  Prob lem  2 c a n  be  
b r o k e n  down i n t o  t h e  f o l l o w i n g  p  i n d e p e n d e n t  s u b p r o b -  
l ems  ( k = l , .  . . , p )  . 
Figure 1. Cornparis6n of  two different solutions: the oxygen profile of 
Figure Sb  is obtained at a lower cost than the one of Figure Sa. 
since u" < u' .  
S e l e c t  Nk , , ( y j N k  1 . s o  t h a t  
i= 1 I= 1 
Nk 
Jk = C ( u i , c i , q )  = min 
i= 1
and 
where  c ( 1 )  i s  t h e  s o l u t i o n  o f  E q u a t i o n  i l b l  w - t i  t h z  i n i t i a l  con -  
d f t i o n  c ( L  ) = c .  
-k - 
To p r o v e  t h i s  p r o p e r t y ,  it is  s u f f i c i e n t  t o  show t h a t ,  i n  
t h e  a b s e n c e  o f  economies  o f  s c a l e ,  c * ( q k )  = g,  s i n c e  t h e n  t h e  
r e s u l t  f o l l o w s  immedia te ly  from p r o p e r t y  8. Thus,  c o n s i d e r  t h e  
o p t i m a l  s o l u t i o n  c *  and ,  i n  p a r t i c u l a r ,  t h e  f i r s t  a e r a t o r  p l a c e d  
u p s t r e a m  o f  t h e  p o i n t  7 k - l ,  and s u p p o s e ,  a b s u r d l y ,  t h a t  i t s  DO 
i n c r e m e n t  ( u '  + u " )  i s  such  t h a t  ( s e e  F i g u r e  5a )  
S i n c e  t h e r e  a r e  no economies  o f  s c a l e ,  t h e  c o s t  of  t h e  a e r a t o r  
t h a t  improves  t h e  DO l e v e l  f rom c t o  c + u '  + u" i s  e q u a l  t o  t h e  
c o s t  o f  two a e r a t o r s  i n  s e r i e s  improv ing  t h e  DO l e v e l  f rom t o  
c  + u '  and f rom g + u '  t o  g + u '  + u " .  (Note  t h a t  u '  i s  such  
- 
t h a t  = 2.) S i n c e  u" > u " '  ( s e e  F i g u r e  5 a ) ,  t h e  c o s t  o f  
i n - s t r e a m  a e r a t i o n  c a n  be  r e d u c e d ,  w i t h o u t  v i o l a t i n g  t h e  s t a n -  
d a r d ,  by s h i f t i n g  t h e  second  a e r a t o r  t o  t h e  p o i n t  Lk and t h i s  
c o n t r a d i c t s  a ssumpt ion  ( 5 ) .  
Figure 5. Comparison of two different solutions: the oxygen profile of 
Figure 3b  is less costly than the one of Figure 3a. if there are no 
economies of scale. since u"' < u". 
THE ALGORITHM 
In order to apply dynamic programming to each of the sub- 
problems derived from Problem 2, it is necessary (Chang and Yeh, 
1973; Koivo and Phillips, 1975; Ortolano, 1972) to discretize 
constraint (4b) and restrict the decision process to only that 
finite number of positions where an aerator can be placed. For 
this purpose, it is worth noting that an aerator working down- 
stream of another one is remarkably less efficient if the two 
aerators are too close (Price et al., 1973). Hence, the distance 
between two a e r a t o r s  must  be  g r e a t e r  t h a n  o r  e q u a l  t o  a  c r i t i c a l  
d i s t a n c e  L s u c h  t h a t  t h e  i n t e r v a l  [ ~ ~ , z ~ ]  can  be s u b d i v i d e d  
E ,  
i n t o  M = (L - L ) / L  s u b i n t e r v a l s .  Each s u b i n t e r v a l  i s  d e l i m i t e d  k  -k c 
by an  i n i t i a l  and f i n a l  p o i n t ,  a l l  o f  which a r e  o r d e r e d  f m m  0  t o  
M and indexed  by j .  Then it i s  assumed t h a t  an  a e r a t o r  can be 
p l a c e d  a t  any o n e  o f  t h e s e  p o i n t s ,  and t h e  compliance o f  t h e  DO 
l e v e l  w i t h  t h e  s t a n d a r d  is  checked o n l y  a t  t h e s e  p o i n t s .  
Thus t h e  c o n t i n u o u s  model ( 1 )  c a n  be r e p l a c e d  by a  d i s c r e t e  
model. I f  c  i s  t h e  DO c o n c e n t r a t i o n  downstream o f  t h e  j t h  i n -  j  
t e r v a l  and U i s  t h e  d i f f e r e n c e  between t h e  DO levels  ups t ream j  
and downstream o f  t h e  j t h  p o i n t  ( r e c a l l  t h a t  t h e  DO c o n c e n t r a -  
t i o n  i s  d i s c o n t i n u o u s  a t  t h e  p o i n t s  where t h e r e  i s  an a e r a t o r ) ,  
t h e n  s u c h  a  model g i v e s  t h e  f o l l o w i n g  d i f f e r e n c e  e q u a t i o n :  
where  $ .  and 8 a r e  c o e f f i c i e n t s  d e r i v e d  from t h e  s o l u t i o n  o f  
3 j  
Equa t ion  ( l b )  . For t h e  s a k e  o f  s i m p l i c i t y  i n  n o t a t i o n  Equa t ion  ( 6 )  
can b e  w r i t t e n  i n  t h e  form 
where U. = 0 means t h a t  no a e r a t o r  i s  l o c a t e d  a t  p o i n t  j ,  w h i l e  
3 
t h e  c o n t r a r y  i s  t r u e  when U > 0. Thus a  c o s t  g i v e n  by j  
can be a s s o c i a t e d  t o  each  p o i n t  j  and H M  = 0 s i n c e  Um = 0 
( C  (7  ) = 5 ) .  
P 
I f  U = [ U  o . . .  UM-l] i s  t h e  new d e c i s i o n  v e c t o r .  Problem 4 
becomes : 
S e l e c t  U s o  t h a t  
M- 1  
H ( U )  = H .  ( U . )  = min j=o 1 3 
and 
Problem 7 is a multistage decision problem which can easily be 
solved by dynamic programming. The computational effort neces- 
sary to solve the problem can be greatly reduced if one takes 
advantage of the fact that the aerators will be located at points 
e. such that c(e.1 = C. If H (c ) is the minimum aeration cost 
I I h h  
downstream of the hth point when ch is the DO level at the end 
of the hth interval, i.e. 
Hh(ch) = min 
j=h 
subject to 
'j+l = $(j,c + U.) j I 
C. > C 1 - -  
and assume 
j = h,.. . ,M-1 
j = h, ..., M , 
for ch > 5,  then the possibility of allocating an aerator at the 
hth point must be considered only if ch = c (see Property A ) .  
Hence, the dynamic programming functional equation is 
H ( c ) =  \ " I  ( min [ii (u, 
E q u a t i o n  ( 8 )  c a n  be  s o l v e d  r e c u r s i v e l y  f o r  h  = M-l,M-2,. . . , 0  i f  
t h e  boundary c o n d i t i o n  HM(cM) = 0  f o r  cM 2 c is  t a k e n  i n t o  a c c o u n t .  
S i n c e  
min [ H ~ u ) ]  = H~ Is) 
Problem 7 is  s o l v e d  when H ( c )  i s  computed by means o f  E q u a t i o n  0 - 
( 8 ) .  F i n a l l y  t h e  number N of  a e r a t o r s  t o  be  a c t u a l l y  i n s t a l l e d ,  
r 
t h e i r  l o c a t i o n s  1 ti] , and t h e i r  i n d u c e d  DO i n c r e m e n t s  ' N  
1 J i = l  l."iji=l 
and c o n s e q u e n t l y  t h e i r  powers T ~ ,  a r e  computed by b a c k t r a c k i n g ,  
- 
a s  i s  u s u a l  w i t h  dynamic programming. 
EXTENSION TO THE CASE OF A RIVER BASIN 
The g e n e r a l  c a s e  o f  a  r i v e r  b a s i n ,  w i t h  t h e  a s s u m p t i o n  o f  
p i e c e w i s e  c o n s t a n t  f l o w  r a t e ,  is now c o n s i d e r e d .  O b v i o u s l y ,  i n  
a l l  t h e  r e a c h e s  where  t h e  f low r a t e  is  c o n s t a n t  t h e  a n l y s i s  de- 
v e l o p e d  i n  t h e  p r e v i o u s  s e c t i o n  c a n  be  a p p l i e d ,  s o  t h a t  a l l  t h e  
i n t e r v a l s  [ L k , z k ]  c a n  be found.  The new a s p e c t  i n  t h i s  c a s e  i s  
t h e  e x i s t e n c e  o f  c o n f l u e n c e  p o i n t s  where  two s t r e a m s  come t o g e t h e r  
and form a  l a r g e r  one .  S i n c e  t h e  a e r a t i o n  c o s t  is p r o p o r t i o n a l  
t o  t h e  f l o w  r a t e ,  t h e r e  may be  an economic a d v a n t a g e  i n  i n s t a l l i n g  
a n  a e r a t o r  i n  o n e  o f  t h e  two u p s t r e a m  b r a n c h e s  ( j u s t  b e f o r e  t h e  
c o n f l u e n c e  p o i n t )  even  i f  t h e  c o r r e s p o n d i n g  DO l e v e l  t h e r e  is 
g r e a t e r  t h a n  t h e  s t a n d a r d .  These c o n f l u e n c e  p o i n t s  must a l s o  be  
c o n s i d e r e d  a s  p o s s i b l e  p o i n t s  o f  a r t i f i c i a l  i n - s t r e a m  a e r a t i o n .  
A s  a  consequence ,  t h e  f u n c t i o n a l  e q u a t i o n  ( 8 )  must be s u i t a b l y  
m o d i f i e d  a t  s u c h  p o i n t s  t o  a c c o u n t  f o r  t h e  p o s s i b i l i t y  o f  l o c a t -  
i n g  a n  a e r a t o r  i n  c o r r e s p o n d e n c e  w i t h  any DO l e v e l .  
I f  t h e  c o s t  f u n c t i o n  C ( u , c , q )  is  convex w i t h  r e s p e c t  t o  u ,  
t h e  o p t i m a l  s o l u t i o n  is c h a r a c t e r i z e d  by a t  most one  a e r a t o r ,  
l o c a t e d  j u s t  upstream of t h e  conf luence  p o i n t  on t h e  branch hav- 
i ng  t h e  lower oxygen con ten t .  I n  f a c t  it can be proved t h a t  t h e  
same e f f e c t  a s  is produced by an a e r a t o r  l o c a t e d  on t h e  more oxy- 
genated  branch,  can be ob ta ined  a t  a  lower c o s t  by s h i f t i n g  it 
downstream of t h e  confluence p o i n t .  
To c l a r i f y  t h e  decomposition procedure,  cons ide r  t h e  example 
shown i n  F igu re  6 where fou r  reaches  a r e  determined by t h e  p o i n t s  
where t h e  f low r a t e  has s tepwise  changes. Assume t h a t  i n  r eaches  
1 and 2  t h e  DO s t anda rd  i s  f i r s t  v i o l a t e d  a t  p o i n t s  el(') and 
L ( ~ )  r e s p e c t i v e l y ,  and t h a t  t h e  segments t o  be cons ide red  a s  pos- 
-1 
s i b l e  p o i n t s  of a r t i f i c i a l  in-stream a e r a t i o n  end a t  p o i n t s  z:') 
and 2 i 2 ) .  Moreover assume t h a t  t h e  a e r a t i o n  c o s t  does n o t  ex- 
h i b i t  economies of s c a l e .  Then, from Proper ty  C ,  t h e  opt imal  
- ( I )  
s o l u t i o n  t u r n s  o u t  t o  be c h a r a c t e r i z e d  by C* ( e l  ) = c*  ( ? i 2 )  ) = - c ,  
s o  t h a t  t h e  opt imal  DO l e v e l s  a t  p o i n t s  L1 and L2 upstream of t h e  
conf luence  p o i n t  can be eva lua t ed  a  p r i o r i .  
treatment 
--k q , , , 
effluent 
reach 4 - 
f,'3' f i 4 '  1141 1'4 I 1" ' - - 2 2 
no aerator 
here  
Fipurr 6 .  The optirnal allocation problem for a river baJin. 
Now assume t h a t  c * ( L 1 )  < c * ( L 2 ) .  Then t h e  p rope r ty  desc r ibed  
above a l lows  us t o  s t a t e  t h a t  on ly  L1 has t o  be cons ide red  a s  a  
p o s s i b l e  a e r a t i o n  p o i n t .  The DO concen t r a t i on  a t  t h e  upstream 
e n d  o f  r e a c h  3  i s  d e p e n d e n t  upon t h e  p r e s e n c e  o f  a n  a e r a t i o n  de-  
v i c e  a t  p o i n t  L1. Thus ,  i n  o r d e r  t o  d e t e r m i n e  t h e  p o s s i b l e  p o i n t s  
f o r  a r t i f i c i a l  a e r a t i o n  i n  r e a c h  3 ,  it is  n e c e s s a r y  t o  c o n s i d e r  
t h e  c a s e  c o r r e s p o n d i n g  t o  t h e  minimum v a l u e  o f  ri3) , i. e .  t o  
assume t h a t  no a e r a t o r  i s  p r e s e n t  a t  p o i n t  L1. F i n a l l y ,  t h e  
p o s i t i o n  u p s t r e a m  o f  t h e  t r e a t m e n t  p l a n t  e f f l u e n t  mus t  n o t  b e  
t a k e n  i n t o  a c c o u n t  i f  o n e  i s  s u r e  t h a t  t h e  DO l e v e l  i n  t h e  r i v e r  
i s  r e d u c e d  by t h e  d e f i c i t  o f  t h e  e f f l u e n t .  
Once t h e  s e g m e n t s  o f  t h e  r i v e r  t h a t  a r e  t o  b e  c o n s i d e r e d  
a s  p o s s i b l e  p o i n t s  f o r  a r t i f i c i a l  i n s t r e a m  a e r a t i o n  have  been  
d e t e r m i n e d ,  it is  p o s s i b l e  t o  d e c i d e  on  t h e  o p t i m a l  a e r a t i o n  s y s -  
t em by s o l v i n g  f i v e  i n d e p e n d e n t  s u b p r o b l e m s .  ( P o i n t  L1 mus t  b e  
c o n s i d e r e d  w i t h  segmen t  [;i3) , 2;)) ] . ) I n  v i ew o f  t h i s  b r e a k -  
down, a n d  b e c a u s e  o f  t h e  a b s e n c e  o f  economies  o f  s c a l e ,  it i s  pos -  
s i b l e  t o  a p p l y  t h e  s i m p l e  a l g o r i t h m  p r e s e n t e d  i n  t h e  f o r e g o i n g  
s e c t i o n ,  w h i l e  i n  t h e  p r e s e n c e  o f  economies  o f  s c a l e  t h e  p rob lem 
c a n  b e  s o l v e d  o n l y  by a p p l y i n g  more complex t e c h n i q u e s  ( f o r  i n -  
s t a n c e  n o n s e r i a l  dynamic  programming ( B e r t e l s  a n d  B r i o s c h i ,  1 9 7 1 ) ) .  
CONCLUDING REMARKS 
I n  t h i s  p a p e r  t h e  p rob lem o f  o p t i m a l  i n - s t r e a m  a e r a t i o n ,  
e x t e n s i v e l y  d e a l t  w i t h  i n  t h e  l i t e r a t u r e  (see, f o r  o t h e r  r e f e r -  
e n c e s ,  ~ e r t e l e  a n d  B r i o s c h i ,  1971; F i o r a m o n t i  e t  a l . ,  1 9 7 3 ) ,  h a s  
been  f o r m u l a t e d  a s  a n  o p t i m a l  c o n t r o l  p rob lem f o r  a  s y s t e m  de-  
s c r i b e d  by d i f f e r e n t i a l  e q u a t i o n s .  The f o l l o w i n g  two p r o p e r t i e s  
of  t h e  o p t i m a l  s o l u t i o n  have  b e e n  p r o v e d  f o r  a  c o n s t a n t  f l o w  r a t e :  
1 .  A l l  t h e  a e r a t o r s  mus t  b e  l o c a t e d  a t  p o i n t s  where  
t h e  d i s s o l v e d  oxygen l e v e l  is e q u a l  t o  t h e  s t a n d a r d .  
2 .  I t  i s  n o t  n e c e s s a r y  t o  t a k e  t h e  who le  r i v e r  i n t o  
a c c o u n t  b u t  o n l y  s u i t a b l e  s e g m e n t s  o f  i t ,  which  
c a n  b e  e a s i l y  p r e d e t e r m i n e d .  
On t h i s  b a s i s  t h e  o r i g i n a l  p rob lem h a s  been r e d u c e d  t o  a  s i m p l e r  
set  o f  s u b p r o b l e m s  u n d e r  t h e  a s s u m p t i o n  t h a t  economies  o f  s c a l e  
c a n  b e  n e g l e c t e d .  Such p r o b l e m s  a r e  s o l v e d  by a  s i m p l e  r e c u r s i v e  
scheme d e r i v e d  t h r o u g h  dynamic  programming.  The more g e n e r a l  c a s e  
o f  a  main s t r e a m  a n d  i t s  t r i b u t a r i e s  h a s  been c o n s i d e r e d  a n d  t h e  
d i f f e r e n c e s  w i t h  t h e  f o r m e r  c a s e  b r i e f l y  p o i n t e d  o u t .  
N o t a t i o n  
The f o l l o w i n g  symbols a r e  used  i n  t h i s  p a p e r :  
d i s s o l v e d  oxygen ( D O )  c o n c e n t r a t i o n  [ m g / ~ ]  
d i s s o l v e d  oxygen ( D O )  c o n c e n t r a t i o n  a t  p o i n t  [mg/Ll 
DO s t r e a m  s t a n d a r d  [mg/L] 
DO c o n c e n t r a t i o n  j u s t  u p s t r e a m  o f  t h e  p o i n t  L .  [mg/L] 
1 
DO c o n c e n t r a t i o n  a t  t h e  i n i t i a l  p o i n t  o f  t h e  r i v e r  
s t r e t c h  [mg/l]  
DO s a t u r a t i o n  l e v e l  [mg/el 
c o s t  o f  t h e  i t h  a e r a t o r  [ any  mone ta ry  u n i t ]  
r e - a e r a t i o n  c o e f f i c i e n t  [km-I ] 
o r d i n a t e  a l o n g  t h e  r i v e r  s t r e t c h  [km] 
minimum a l l o w e d  d i s t a n c e  between two a e r a t o r s  [km] 
l o c a t i o n  of  t h e  i t h  a e r a t o r  i n  t h e  o p t i m a l  s o l u t i o n  
[km] ( i = 1 , .  . . , N )  
p o s s i b l e  l o c a t i o n  . f o r  a n  a e r a t o r  ( j=O, . . . , M )  [km] 
p o i n t s  where  c ( e )  = c [km] 
p o i n t s  i n  which t h e  DO minimum i s  a  t a n g e n t  t o  t h e  
s t r e a m  s t a n d a r d  c [km] 
l e n g t h  o f  t h e  r i v e r  s t r e t c h  [km] 
{e : '  0 ( 1 ( L) t h e  r i v e r  s t r e t c h  
number o f  s u b i n t e r v a l s  o f  t h e  i n t e r v a l  [ z k , ~ k l  
o p t i m a l  number o f  a e r a t i o n  u n i t s  
o p t i m a l  number o f  a e r a t i o n  u n i t s  i n  t h e  k t h  subprob lem 
1T i power o f  an a e r a t i o n  d e v i c e  a b l e  t o  g e n e r a t e  t h e  DO 
i n c r e m e n t  ui [Wl 
3 q ( e )  f l o w  r a t e  a t  p o i n t  L  [m / s ]  
3 
qi  f l o w  r a t e  a t  p o i n t  Li[m / s ]  
T 0 w a t e r  t e m p e r a t u r e  [ C] 
u  ( L )  a r t i f i c i a l l y  induced  a e r a t i o n  [mg/e] 
u .  DO i n c r e m e n t  i n d u c e d  by t h e  i t h  a e r a t o r  [mg/e] 
1 
U DO i n c r e m e n t  i n  p o s i t i o n  1 .  [mg/L] j I 
v ( l )  v e c t o r  f u n c t i o n  r e p r e s e n t i n g  t h e  s o u r c e s  and t h e  s i n k s  
o f  t h e  components o f  z 
w ( e )  s o u r c e s  and s i n k s  o f  d i s s o l v e d  oxygen 
z ( e )  n t h  o r d e r  v e c t o r  d e s c r i b i n g  t h e  d e g r a d a t i o n  o f  o r g a n i c  
compounds 
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